The system of two electrons interacting with a single impurity in 1D metallic ring is considered illustrating the applicability of the Bethe Ansatz.
Introduction
Persistent current appears in a small metallic ring penetrated by perpendicular magnetic field. This quantum effect is remarkable due to the non-dissipative character of this current. It was predicted by Büttiker [1] in 1983 and later the experimental evidence was obtained by Levy [2] . Due to the progress in nanometer technology there is still interest in persistent currents in nanorings that contain a small numbers of electrons [3] . These currents are rather sensitive to the quantum coherence, and thus to electron interaction and their interaction with impurities, serving as a convenient instrument for studying the subtle properties of strongly interacting electron system. The important role belongs to one-dimensional (1D) models that enable to obtain the analytical solutions and understand the main features of the above phenomena.
The most popular method of analyzing the above systems is the so-called Bethe Ansatz [4] (see also Ref. [5] ) based on the assumption that the electron system wave function can be constructed as a superposition of plane waves with the restricted number of wave vectors coordinated with the rules of elastic scattering. For instance, using this Ansatz Li and Ma [6] considered the system of many electrons interacting with an impurity. However, despite numerous applications the motivation of the assumption is still lacking.
The goal of the present work is to illustrate the applicability of the Bethe Ansatz using the most simple model system of two electrons moving in 1D ring and interacting with a single impurity via Dirac function type interaction, and comparing the results with those obtained by means of the exact numerical diagonalization of the Hamiltonian.
Model
We consider the model system shown in Fig. 1 . There are two electrons indicated by full circles moving along * corresponding author; e-mail: amatulis@takas.lt the 1D ring. Impurity is shown by cross. We solve the stationary Schrödinger equation
which is eigenvalue problem for energy and wave function of the system. The Hamiltonian of this equation reads
Vector potential A n = [B × r n ]/2 describes the homogeneous perpendicular magnetic field. Two more symbols V and V ee stand for potentials of the electron interaction with the impurity, and the ee-interaction. In order to simplify the model we introduce the dimensionless variables. We shall measure the energy in units 2 /mR 2 and introduce the dimensionless magnetic flux through the ring γ = πR 2 B/Φ 0 measured in units of the elementary flux Φ 0 = 2π c/e. Moreover, we assume that all interactions are of the short range, and replace the potentials by the corresponding Dirac functions. Finally, denoting the position of electrons by angles 0 x, y 2π (3) we arrive at the following Hamiltonian:
where the constants P and Λ characterize the strengths of electron interaction with the impurity and the ee--interaction, correspondingly. The periodic boundary conditions for the wave function and its first derivatives have to be added.
The problem can be further simplified by excluding the magnetic flux from the Hamiltonian that is achieved by the following substitution: 
that has to be solved in quadratic region (3). Moreover, we are interested only in singlet states. That is why we assume that the wave function is symmetric Ψ (y, x) = Ψ (x, y) with respect to the interchange of electron coordinates. This reduces the region to the triangular one (y < x) with the following boundary conditions:
Persistent current
Let us remind the essence of the persistent current and Bethe Ansatz presenting the results for a single electron in the ring when there is no impurity and no ee--interaction (P = Λ = 0). In this case there is no need to use all above described tricks because due to rotational symmetry of the Hamiltonian the wave function of each electron is just the single exponent Ψ (x) = e i kx .
(8) Inserting it into Schrödinger equation and satisfying the periodic boundary conditions we immediately arrive at the following expression for the electron energy:
Its dependence on magnetic flux is shown in Fig. 2 . The ground state energy is shown by solid curve. The dimensionless current (in c 2 /mR 2 Φ 0 units) is given as
The current in the ground state is shown in Fig. 2 by dotted curve. This periodic saw-like curve shows the essence of the persistent current that is non-dissipative and does not vanish even in the ground state. The elastic electron scattering by the impurity breaks the rotational symmetry, and the electron can change the sign of its orbital momentum k during this scattering event. That is why its wave function has to be chosen as Φ(x) = A e i kx + B e − i kx .
(11) Inserting it into Schrödinger equation and satisfying the boundary conditions we arrive at the following dispersion relation:
Its solution -the electron energy dependence on the magnetic flux -is shown in Fig. 3 . Now the crossings of different energy levels are changed into anticrossings, and consequently, the persistent current is more soft function, and that is why smaller. We see that the elastic scattering diminishes the persistent current but does not liquidate it. By the way, in the case of a single electron in the ring the wave function constructed according to the Bethe Ansatz rules (see Eqs. (8) and (11)) coincides with the exact function following from the solution of the ordinary differential equation.
Two electrons and impurity
Considering the main problem we denote the orbital momenta of electrons by symbols k and q. As the electrons can change the signs of their momenta or interchange them according to the Bethe Ansatz rules we choose the wave function as Φ(x, y) = A e i (kx+qy) + B e i (kx−qy) + C e i (−kx+qy)
+ c e i (−ky+qx) + de − i (ky+qx) .
(13) Satisfying boundary conditions (7) and zeroing the coefficients at various exponents we obtain the 12 equations of the following type: 
In general it is not possible to satisfy them having 8 coefficients only. One can obtain the solution only if the equation set is degenerate or reveals some additional symmetry. In order to check this possibility we split the above set into 3 sets with 8 equations in each of them. Zeroing the corresponding determinants we arrived at three dispersion relations D n (k, q) = 0 with real coefficients. The results of their graphical solution are shown in Fig. 4 as curves (solid, dashed and dotted corresponding to three different relations) in kq-plane in the case without magnetic field (γ = 0). We found the points (two of them a and b are shown by circles) where all three curves, corresponding to the simultaneous solution of three dispersion relations, intersect each other. We also checked that the coefficients obtained from these three equation sets coincide as well. Consequently, the above 12 equations have the non-trivial solution, and it seems that the Bethe Ansatz works. In order to make sure of that we have fully solved the problem, and compared this result with exact numerical diagonalization of the considered Helmholtz equation. The comparison of the energy levels obtained by both methods is shown in Fig. 5 . We see the coincidence of the energies for all levels obtained using Bethe Ansatz.
However, there are more levels than this Ansatz gives. The reason is in above mentioned overcrowding of the equation set. Inspecting the obtained wave functions we found out that in considered two electron system case the Bethe Ansatz gives only these energy levels whose wave functions are antisymmetric under the reflection of the coordinates over x + y = 2π line, namely Φ(2π − y, 2π − x) = −Φ(x, y). As the ground state is symmetric we failed to obtain it. We also failed to obtain the solution via Bethe Ansatz in the case of non zero magnetic field, as the magnetic field breaks the above mentioned symmetry.
Finally, we present the persistent current versus magnetic flux plot in Fig. 6 illustrating the influence of various interactions on it. It is remarkable that the inclusion of the ee-interaction represses the negative role of the impurity scattering. This could be interpreted as a tendency towards Wigner crystallization of this simple model system.
